Cosmic background neutrinos have a large velocity dispersion, which causes the evolution of longwavelength density perturbations to depend on scale. This scale-dependent growth leads to the well-known suppression in the linear theory matter power spectrum that is used to probe neutrino mass. In this paper, we study the impact of long-wavelength density perturbations on small-scale structure formation. By performing separate universe simulations where the long-wavelength mode is absorbed into the local expansion, we measure the responses of the cold dark matter (CDM) power spectrum and halo mass function, which correspond to the squeezed-limit bispectrum and halo bias. We find that the scale-dependent evolution of the long-wavelength modes causes these quantities to depend on scale and provide simple expressions to model them in terms of scale and the amount of massive neutrinos. Importantly, this scale-dependent bias reduces the suppression in the linear halo power spectrum due to massive neutrinos by 13 and 26% for objects of biasb = 2 andb 1, respectively. We demonstrate with high statistical significance that the scale-dependent halo bias cannot be modeled by the CDM and neutrino density transfer functions at the time when the halos are identified. This reinforces the importance of the temporal nonlocality of structure formation, especially when the growth is scale dependent.
I. INTRODUCTION
Neutrinos are one of the most abundant particles in the universe, but are the least explored species in the Standard Model of particle physics. The solar [1] [2] [3] [4] and atmospheric oscillation experiments [5] [6] [7] have revealed the two mass-squared differences, but the individual masses and their hierarchy are yet to be determined. Cosmological observables are primarily sensitive to the sum of neutrino masses hence offer a complementary probe of neutrinos. Thus, measuring the total neutrino mass is one of the most important goals of future CMB [8] [9] [10] and large-scale structure experiments [11] [12] [13] [14] [15] .
The effect of massive neutrinos on cosmology is extensively studied (see e.g. Refs. [16, 17] for reviews). At the background level, the expansion history changes due to the presence of neutrinos, and so the effect can, in principle, be probed by measuring the Hubble rate at various redshifts. At the growth level, due to the high velocity dispersion, massive neutrinos possess a free-streaming scale that acts as a Jeans scale below which they no longer cluster with the cold dark matter (CDM). As a result, the density perturbations become scale dependent, and the feature is imprinted on the matter power spectrum [18, 19] as well as the halo bias in the spherical collapse model [20] . While the effect at the linear order is well understood, the nonlinear nature of large-scale structure requires treatment beyond the leading order effect. In the mildly nonlinear regime one can tackle the problem using perturbative approaches [21] [22] [23] [24] [25] [26] [27] , but N -body simulations are still necessary to capture the fully nonlinear behavior, especially for accurately modeling the unprecedentedly precise data from future observations. Moreover, even in the linear regime, the biased tracers of large-scale structure such as galaxies and dark matter halos are themselves nonlinear objects.
The most straightforward way to include massive neutrinos in N -body simulations is to treat them as a different species of particles that have different mass than CDM particles [28] [29] [30] [31] [32] [33] [34] [35] . Due to the large thermal motion, however, massive neutrinos occupy the six-dimensional initial phase space (unlike CDM which occupy an effectively three dimensional initial subspace), one either needs many more particles for neutrinos than CDM to reduce the effect of Poisson shot noise or has to start simulations at later times and approximate the neutrinos as cold dark matter. There are many approaches put forward to bypass the difficulty. Refs. [36, 37] include the effect of massive neutrinos in the background evolution and initial conditions, but simulate only the dynamics of CDM+baryons. In Refs. [38] [39] [40] , neutrinos are treated as a distinct species and injected into CDM simulations at later redshift. Hybrid approaches solve the coupled neutrino linear fluid equation [41] or Boltzmann equation [42] with the nonlinear CDM evolution in N -body simulations. Recently, Ref. [43] combined the particle and fluid descriptions to better estimate the properties of the thermal species and reduce the effect of shot noise.
In this paper, we present a complementary approach to modeling neutrinos in simulations, the separate universe (SU) approach. In the SU approach, a long-wavelength perturbation changes the expansion history locally, and the local observer would measure a different set of cosmo-logical parameters compared to the background universe that does not have any long-wavelength perturbation. As a result, the small-scale structure formation in the SU would be influenced, or respond, accordingly. Applying this technique in N -body simulations, the response can be measured deep into the nonlinear regime where perturbation theory breaks down [44] [45] [46] [47] [48] . Specifically, the SU simulations have enabled studies on the power spectrum covariance [47, 49] , the squeezed-limit n-point function [50, 51] , the halo bias [52] [53] [54] , and the Lyman-α forest [44, [55] [56] [57] . The only limitations for SU simulations in ΛCDM are the usual ones for any simulation: the resolution and the extent to which baryonic and astrophysical effects are modeled in the deeply nonlinear regime.
In the universe with CDM and massive neutrinos, the growth of density perturbations is scale dependent due to the free-streaming length of massive neutrinos. Thus, for SUs with scale-dependent density perturbations, the expansion histories are affected differently depending on the wavelengths, and so is the response of the smallscale structure formation. While it is nontrivial to find the corresponding densities and curvature of the Friedmann equation in the SUs with additional components that have Jeans scales [58] [59] [60] , it is easy to match the local Hubble expansion. Ref. [61] uses quintessence SU simulations to show that this approach provides excellent agreement between the power spectrum response and the position-dependent power spectrum (which is equivalent to the squeezed-limit bispectrum [62, 63] ) as well as the response and clustering biases in the sub-Jeans limit as long as the Jeans scale is much larger than the scales of interest. The goal of this paper is to generalize SU simulations for massive neutrinos to study the scale-dependent responses for long modes with different wavelengths where the free-streaming scale plays the role of the Jeans scale.
The rest of the paper is organized as follows. In Sec. II we construct SUs with massive neutrinos for different long-wavelength density perturbations and compute the responses of the linear growth. In Sec. III we implement the SU approach with massive neutrinos in Nbody simulations. We present the results of the neutrino SU simulations in Sec. IV and Sec. V for power spectrum response and response bias, respectively. In Sec. VI we show how the linear halo power spectrum and the leading-order CDM squeezed-limit bispectrum are changed by the scale-dependent response. We discuss the results in Sec. VII. In App. A we demonstrate the choices of initial and horizon entry redshifts have minimum effects on solving the small-scale growth response. In App. B we derive the small-scale growths using the second-order Lagrangian perturbation theory with long-wavelength density perturbations in matterradiation dominated universe. In App. C we discuss the two main caveats of neutrino SU simulations, that neutrino clustering is neglected within the simulations and that a separation of scales is assumed between the SU observables and the long-wavelength mode. In App. D we layout the detailed setup for numerically evaluating the spherical collapse in neutrino SU, which is compared against simulations in Sec. V. In App. E, we compare our predicted scale-dependent linear bias to N -body simulations that contain massive neutrino particles.
Throughout the paper, unless otherwise stated, we adopt a spatially flat νΛCDM cosmology with a Hubble constant h = 0.7, baryon density Ω b = 0.05, CDM density Ω c = 0.25, the CMB temperature T cmb = 2.725 K, helium fraction Y He = 0.24, and initial curvature power spectrum with the spectral index n s = 0.95 and amplitude which sets σ 8 = 0.83 today for the power spectrum of CDM+baryons. We assume a degenerate neutrino mass spectrum with each neutrino having m ν = 0.05 eV. This choice will produce a free-streaming scale consistent with that in the minimal mass normal and inverted hierarchies. For this scenario, the free-streaming scale is also still in the linear regime and the neutrino nonlinear clustering can be neglected (see App. C for detailed discussion). Depending on the number of massive neutrinos, Ω Λ and the power spectrum normalization would change accordingly. We choose to fix Ω bc = Ω b + Ω c since the particle mass of the simulation is given by Ω bc (see Sec. III for more details), and to fix σ 8 since the nonlinear scale to the leading order is set by σ 8 . In order to enhance the amplitude of the neutrinos effects so that they can be measured with a small set of simulations we shall study two cosmologies with N ν = 14 and 28 massive neutrinos, which can be converted to f ν by
and the corresponding values are 0.049 and 0.093, respectively. Finally, given our use of N -body techniques, in the following we will often refer to CDM+baryons as CDM.
II. NEUTRINO SEPARATE UNIVERSE
The construction of the SU with components other than CDM that possess Jeans scales has been studied extensively in Ref. [59] . Here we briefly summarize the expansion history of the SU in Sec. II A, and focus on the discussion of the small-scale growth in the neutrino SU in Sec. II B.
A. Expansion History
In the separate universe (SU) picture, an observer sitting in a long-wavelength density perturbation δ c would measure the local mean densityρ cW (a) as
whereρ c is the global mean density, and the subscript W denotes the windowed average across the scale much smaller than that of δ c . Note that the subscript c denotes CDM+baryons under the assumption that baryons trace the CDM at large scales. While the SU picture does not require this assumption to be valid on small scales, in our N -body simulations we do combine them into a single CDM-like component. We therefore refer to this component as CDM in the following for simplicity. Since the total amount of CDM is conserved, this observer would find the local scale factor of the SU as
which leads to the local Hubble expansion of the SU
and the physical conditions in local and global cosmology coincide. Notice that we implicitly assume that there is a universal time coordinate between the local SU and global universe, hence in the relativistic limit δ c is the synchronous-gauge density perturbation [59] .
As we can see above, the construction of the SU only requires δ c (a). While other components affect the evolution of δ c (a), they do not enter explicitly into a W . If these components influence the small-scale structure formation only through the local expansion, then the effect should be completely characterized by δ c (a). The local scale factor a W does not even have to follow a Friedmann equation with the corresponding local densities and curvature which is only guaranteed above the Jeans scale [46, 59] . Using quintessence as an example, it has been shown in Ref. [61] that the effect of the Jeans length on the small-scale observables can indeed be modeled accurately by N -body simulations with the SU expansion even below the Jeans scale where the SU technique might naively be supposed to fail.
In general δ c (a) depends on wavelength, so δ c (a) with different wavelengths would correspond to different SUs. Therefore, even if δ c (a) of different wavelengths have the same value at the final time, their evolutionary histories are still distinct. This indicates the importance of the temporal nonlocality in structure formation. As a result, the response of the small-scale observable will become scale dependent, with the scale being the wavelength of the long mode. We shall demonstrate these scale-dependent responses in Sec. IV and Sec. V.
B. Small-scale linear growth
Massive neutrinos provide a perfect arena to explore the scale dependence of the response of the small-scale observables to the large-scale density perturbation. Due to their high velocity dispersion, neutrinos do not cluster with CDM on scales smaller than the free-streaming scale [16] k fs (z) = 0.0287
for our choice of m ν . Below this scale the fluctuations are washed out by free-streaming. As a result, the evolution of δ c becomes scale dependent, and so does the corresponding SU. We use CLASS [64, 65] to compute δ c (including both CDM and baryons) as a function of the scale factor a and the large-scale wavenumber k L . Fig. 1 shows δ c (a)/δ c0 for different k L with N ν = 28, where δ c0 = δ c (a = 1). Modes with smaller k L grow faster than those of larger k L since neutrinos cluster with CDM on scales larger than the free-streaming scale, and the freestreaming scale decreases with time. With the evolution of δ c (a), we can straightforwardly construct the SU expansion using Eqs. (3)- (4) for various k L . Since in the SU approximation only CDM clusters, the small-scale linear growth in the SU, D W , is given by 3 ) is the CDM energy density in units of the critical energy density as a function of time. Note that the scale independence of both D and D W is due to the SU approximation, since the full growth in cosmology with massive neutrinos is scale dependent. In other words, we only consider the growth with scale much smaller than the neutrino free-streaming scale (k k fs ), and in this limit it is scale independent. The challenge for solving Eq. (9) is to set up the initial condition for . Specifically, as we have f ν 0.05 (N ν = 14 and 28), at higher redshift massive neutrinos have even larger contribution to the total energy density compared to CDM, and so one cannot assume the SU being matter dominated to set up the initial condition of .
-
Instead, let us consider setting up the initial condition at a i with a eq a i , and so the universe was radiation dominated and neutrinos were relativistic. During this epoch, 2 + H /H ∝ a i /a eq → 0 and Ω c (a) ∝ a i /a eq → 0, so the solution of the background growth is
where C 1 and a H are integration constants. When solving the full perturbation equations from super to sub horizon a H is fixed to be approximately the scale factor at horizon-entry for the small-scale mode (see Ref. [66] Eq. B12) and we have assumed a i a H in order to approximate these equations in Eq. (8) by dropping radiation clustering. Plugging Eq. (10) into Eq. (9), we require
in the radiation-dominated universe. Assuming that the long-wavelength mode is super-horizon during this time, we also have δ c ∝ a 2 , which leads to
where C 2 and C 3 are integration constants. As δ c grows as a 2 , the C 2 and C 3 terms should be negligible for any reasonable choice of parameters, and we only keep the C 1 term. Furthermore, C 1 is equivalent to an overall normalization which drops out once normalized to the final conditions, hence it is sufficient to describe the initial conditions as
In App. A, we show that the results are insensitive to the choices of a i and a H , hence we fix a i = 10 −6 and a H = 10 −10 , which satisfies a eq a i a H . The horizontal dashed line represents the response in the matter-dominated SU, i.e. 13/21. As we can see, the smaller the k L , the smaller the response. This is because on large scales neutrinos cluster with CDM, hence the SU is closer to the fiducial universe. We also find that in no case is the matter-dominated response appropriate since even at high redshift the radiation plays a role in the response which cannot be neglected when considering the effect of neutrinos.
dlnD W /dδ c N ν =28, m ν =0.05 eV, f ν =0.093 k L =0.05 Mpc −1 k L =0.013 Mpc −1 k L =0.005 Mpc −1 k L =0.002 Mpc −1 k L =0.0005 Mpc
III. SEPARATE UNIVERSE SIMULATIONS
To extend the treatment of the response of smallscale structure to the long-wavelength density perturbation into the nonlinear regime, we perform N -body simulations in SUs with different long-wavelength modes. Ref. [61] presented in detail the technique of running SU simulations with components other than CDM. In short, one first computes a table of (a W , H W ), passes it to the N -body code, and interpolates H W (a W ) when necessary. Note that H W contains the energy density of the relativistic components, i.e. photons and neutrino.
The rest of the setup follows the standard procedure of SU simulations. Specifically, for constructing the initial conditions, we choose the initial power spectrum in the SU to be
where we set a W i = 0.02 to be the initial scale factor of the SU and a 0 = 1 is the scale factor today in the global universe. Since CDM+baryons is the only component that clusters in SU approximation, we use the linear CDM+baryon transfer function from CLASS to calculate the linear power spectrum for the initial conditions, in cosmology with the corresponding numbers of massive neutrinos. To avoid confusion, in this paper we use units of comoving [Mpc −1 ], and convert for code purposes as necessary. We then generate the initial conditions using realizations of Gaussian random fields for the primordial fluctuations, and evolve to a W i using the secondorder Lagrangian perturbation theory (2LPT) [67] . In App. B, we derive the second-order growth under 2LPT with long-wavelength perturbations in matter-radiation dominated SUs, and the results are used to set up the initial conditions of SUs. The simulations are carried out by Gadget-2 [68] from a W i to the final scale factor a W 0 = a 0 (1 − δ c0 /3), corresponding to the same physical time as a 0 .
We identify halos using the Amiga Halo Finder [69, 70] , and use its dark energy feature to input the table of (a W , H W , Ω cW ) in the corresponding SU. To account for the fact that in overdense and underdense SUs the thresholds for forming halos decrease and increase respectively, we set the density threshold in the SU to be
with ∆ = 200. We set the minimum number of particles for halos to be 100 for our halo catalogs, but to be conservative we only report the result with halos having more than 400 particles. We run two sets of cosmologies, N ν = 14 and 28 (corresponding to f ν = 0.049 and 0.093), for the neutrino SU simulations. For both cosmologies we fix the box size L and the number of particles N 3 p . Since the particle mass of the simulation is proportional to Ω bc L 3 /N 3 p , fixing Ω bc = 0.3 results in the identical mass resolution for the two N ν . We choose L = 700 Mpc, which is large enough so that the response in the linear regime can be obtained at z = 0. Note that this box size is larger than the free-streaming scale of massive neutrinos of 0.05 eV, which is roughly R fs = 200 Mpc today [16] . We set the number of particles to be N 3 p = 640 3 , hence the minimum halo mass we report in this paper is 2 × 10 13 M . For the long-wavelength perturbations, we set δ c0 = 0 and ±0.01. In order to sample the scale dependence of the response well, we run five different k L (0.05 − 0.0005 Mpc −1 ) for N ν = 28; for N ν = 14 we only run two limiting k L to quantify the dependence of the response on N ν , or equivalently f ν . For each choice of N ν and k L we have N s = 40 sets of SU simulations for δ c0 = 0, ±0.01. To better quantify the scale dependence of the halo bias, which does not require simulations of δ c0 = 0 with our analysis method (see Sec. V A for detail), we additionally run 40 sets of SU simulations for N ν = 14 and 28 for δ c0 = ±0.01. For each set of SU simulations (with or without δ c0 = 0), we adopt the same Gaussian realization so the cosmic variance largely cancels. We point out that there are two main caveats in our neutrino SU simulations. First, within the SU, only CDM clusters, and the other components are smooth. Our simulation box, however, is larger than the neutrino free-streaming scale, so the neutrino clustering is missing on scales larger than the free-streaming scale of Eq. (6) . Second, we assume that the wavelength of δ c is much larger than the simulation box size, hence the curvature of δ c is ignored. This is a good approximation when k L π/L ≈ 0.0045 Mpc −1 , but will be violated for larger k L . In App. C, we discuss these two systematics in detail, and argue that neutrino clustering can be ignored for k 0.05 Mpc 2 ) for power spectrum response with k being the wavenumber of the small-scale power spectrum. For halo bias both systematics are negligible since the Lagrangian radii of halos of interest are 10 Mpc; for power spectrum response to avoid the systematics we only report results for k ≥ 0.05 Mpc −1 .
IV. POWER SPECTRUM RESPONSE
We now calibrate the response of the power spectrum to δ c for different N ν and k L . In Sec. IV A, we show the measurement of the power spectrum response in the neutrino SU simulations. In particular, we shall demonstrate with high statistical significance that the larger the scale of k L , the smaller the power spectrum response until it is much larger than the neutrino free-streaming scale. In Sec. IV B, we study the dependence of the growth response on k L and N ν .
A. Growth response
In the presence of a long-wavelength δ c , the locally measured power spectrum differs from the global one. We can quantify the fractional difference between the local and global power spectra by
where we define R tot as the "response" of the local power spectrum to δ c . Refs. [49, 51] provide a rigorous embedding of power spectrum response into the perturbative framework, and can be generalized to higher-oder responses. At leading order R tot is independent of the amplitude of δ c , hence we can use the SU simulations with δ c0 = 0, ±0.01 to calibrate the response. This effect can also be measured in big N -body simulations by the bispectrum in the squeezed limit with the angle average of the cosine between the long and short modes (see e.g.
where k L corresponds to the mode of δ c and k ≈ k corresponds to the mode of P averaged over direction. Note that unless otherwise stated, we denote the CDM+baryon power spectrum and bispectrum without subscript for compactness.
In the ΛCDM cosmology, the evolution of δ c is independent of the wavenumber of the large-scale mode k L , and so as R tot . As a result, R tot depends only on time and the small-scale wavenumber k. If the universe, however, has additional components that cluster and remain smooth above and below Jeans scales, such as quintessence or massive neutrinos, then both δ c and R tot would depend on k L (see Ref. [61] for the scale-dependent response in quintessence SU). Therefore, R tot = R tot (k, k L , a). This also indicates that the reduced squeezed-limit bispectrum would depend on k L .
Physically, the total response can be separated into three pieces [47] :
R growth specifies the change due to the growth of the small-scale density fluctuation between the separate and global universes at a fixed comoving k; R dilation describes the change of comoving k between separate and global universes due to different expansion histories; Rρ accounts for the different mean densities in separate and global universes used to define the small-scale density fluctuation. Note that R dilation and Rρ are nondynamical effects and can be computed without additional simulations, as we shall discuss in detail in Sec. VI. On the other hand, the growth response is dynamical and so requires N -body simulations for an accurate estimate. In order to measure the growth response from SU simulations, we distribute the dark matter particles onto a 640 3 grid using the cloud-in-cell density assignment to construct the density fluctuation, and Fourier transform the fluctuation with FFTW [71] to estimate the power spectrumP (k, a). We then estimate the growth response bŷ
where δ 0,± c0 = 0, ±0.01. The lines with shaded areas in Fig. 3 show the mean of the growth response measured from neutrino SU simulations as a function of small-scale k for different large-scale k L (denoted by various colors), and the shaded areas represent the error on the mean. The top and bottom panels show N ν = 14 and 28, and the left and right panels show z = 3 and 1. We show the results at higher redshifts and on larger scales (k ≤ 0.3 Mpc −1 ) because it is the regime in which the 1-loop calculation has the predicting power, which will be discussed in the following. We find with high statistical significance that the growth response indeed depends on the large-scale wavenumber k L for all redshifts and small scales. Note especially that for k 0.1 Mpc −1 , where the systematics due to small-scale neutrino clustering and the curvature of the long-wavelength mode can be ignored, the dependence of R growth on k L persists and is similar in amplitude.
To better understand the measurement from neutrino SU simulations quantitatively, we compute the growth response using perturbation theory. Specifically, in perturbation theory the growth response can be modeled as
where the second term in the right-hand side is computed in Fig. 2 . Note that in Eq. (20) the dependencies on k and k L are separated into the first and second terms in the right-hand side. In the linear regime, P ≈ P lin is proportional to D 2 W and so
In the mildly nonlinear regime, we utilize the 1-loop power spectrum in the standard perturbation theory (see e.g. Ref. [72] ): P 1−loop = P lin + P 22 + 2P 13 , where P 22 and P 13 are the nonlinear correction and proportional to D
(22) The lines without shaded areas in Fig. 3 show the growth response computed from the 1-loop power spectrum using Eq. (22) and Fig. 2 . On large scale, the nonlinear correction becomes subdominant, and the 1-loop calculation approaches to the linear prediction and becomes k independent. We find that the 1-loop calculation is generally in good agreement with the measurement, especially at z = 3, as would be expected and hence validates the SU simulations. On smaller scales and at lower redshift, the nonlinearities are too large to be modeled by the perturbation theory, hence we find a more significant difference.
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B. Dependence on kL and Nν
We have shown in Fig. 3 that the small-scale growth responds differently to δ c with various k L . To better study this feature, let us define the "growth response step" as the ratio of the growth response with respect to that of k L↑ = 0.0005 Mpc −1 , i.e.
We first examine the dependence of the step on the small-scale k by fixing N ν and k L , and we find that it is fairly independent of k. More precisely, at z = 0 the step between k L↑ and k L↓ = 0.05 Mpc −1 departs from a scaleindependent constant at the 10% level for k 0.6 Mpc −1 . This is not surprising: in Fig. 3 R growth of different k L have similar scale dependence in k. Thus, in the following we fix k = 0.252 Mpc −1 to avoid the systematics from neutrino clustering as well as the curvature of δ c , and focus on the dependencies of k L and the number of massive neutrinos N ν . Fig. 4 shows the growth response step for N ν = 28 as a function of k L . The blue data points with error bars show the measurement of the step from neutrino SU simulations at z = 1 (left) and 0 (right). Note that by definition the error bars of the step are zero at k L↑ . For the other k L , the small error bars are the outcome of the highly correlated growth responses, since we use the same random realizations for different k L . We find that the dependence of the growth response step on k L is statistically significant, indicating that the growth response is indeed affected by the temporal evolution of δ c .
Given the independence of the step on the small-scale k and the good agreement with perturbation theory for linear k demonstrated in the previous section, the response of the linear growth function should provide an accurate calibration of its shape and amplitude. We follow the procedures in Sec. II B to numerically compute d ln D W /dδ c with N ν = 28 for various k L , and normalize it at k L↑ . The result is shown as the red solid line in Fig. 4 , and we find it is in excellent agreement with the measurement. Notice that the red line is slightly less than unity on large scale, because we normalize the step at k L↑ . Should we normalize the step feature with a smaller k L , the red line would approach to unity on large scale. 1.07 1.07 We next examine the growth response step between k L↑ and k L↓ as a function of N ν , i.e. R growth (k L↓ , N ν )/R growth (k L↑ , N ν ). The blue data points in Fig. 5 show the measurement from neutrino SU simulations at z = 1 (left) and 0 (right), with the corresponding f ν labeled on the top x-axis. It is evident that the growth response step is non-zero, and the larger the N ν the larger the step size. Assuming that the measured growth response step is linear in N ν , we can solve the slope and the intercept, and the result is shown as the green dashed line, with the values given in the legend. To convert N ν to the commonly used f ν , we use Eq. (1) and take the limit that f ν 1, which leads to
We find that the slope of the measured growth response step for artificially large N ν in terms of f ν is approximately 0.6. Interestingly the best fit does not go to unity at N ν = 0 though this value is far from the simulated values.
To avoid extrapolation from the simulated values of N ν , we can also model the growth response step by numerically evaluating d ln D W /dδ c at k L↑ and k L↓ as a function of N ν . Note that we only vary the number of massive neutrinos, not their mass, and correspondingly do not include massless neutrinos when N ν < 3. The result is shown as the red solid line in Fig. 5 , which is in good agreement with the measurement. If we solve the slope A in terms of f ν and intercept (1 + B) for the red solid line in the limit that f ν 1, then we get A = 0.68, 0.63 and B = 0.0048, 0.0030 for z = 1, 0.
In this model we can interpret the non-zero B intercept of the step in the N ν = 0 limit as due to photons. Photons possess a Jeans scale of the sound horizon before recombination and the horizon after and cause their own growth response. If the calculation is done in the universe without photons, then the growth response step would go to unity at N ν = 0, since the growth of the long-wavelength modes in ΛCDM cosmology is scale independent. Note also that these values are obtained assuming m ν = 0.05 eV with the change in f ν coming from the number of massive neutrinos. For a different neutrino mass, we expect the growth response step between the super-and sub-Jeans limits can still be approximated by the same slope, but the scale of the transition in k L would shift due to the a different free-streaming scale.
V. SCALE-DEPENDENT BIAS
Let us now turn to the response of the halo mass function, which determines the relationship between the number density of halos and the long-wavelength density fluctuation δ c , i.e. the linear density bias of halos. In Sec. V A, we discuss the analysis of the response bias from SU simulations. In Sec. V B, we present the response bias from the neutrino SU simulations, and study its dependence on k L and N ν . As in the previous section, we shall demonstrate with high statistical significance that the response bias is scale dependent due to the presence of the neutrino free-streaming scale. In Sec. V C, we compare the response bias with different bias models and discuss the importance of temporal nonlocality in producing scale-dependent bias.
A. Response bias
The linear bias of halos can be regarded as the linear response of the halo abundance of mass M to the longwavelength density perturbation, i.e.
where n ln M (M ) = −dn(M )/d ln M is the differential halo mass function and n(M ) is the cumulative halo mass function. We refer to this as "response bias". Physically, the enhanced growth in a SU with δ c > 0 makes massive halos more abundant compared to their counterparts with δ c < 0, making their number density fluctuation a biased tracer of δ c . Therefore, by measuring how the halo mass function is affected by δ c in SU simulations, we have a direct calibration of the halo bias without the standard clustering measurement [52] [53] [54] .
While we do not write it explicitly in Eq. (24), δ c is a function of the wavenumber of the long mode k L when its growth depends on scale. For example, if there are additional components that possess Jeans scales, such as quintessence, then the growth becomes scale dependent and so b(M ) would depend on k L contrary to the expectations of purely spatial and temporally local bias [61] . The SU simulations thus allow us to study the scaledependent bias due to the free-streaming length of massive neutrinos [20] .
The most straightforward way of measuring the response of the halo mass function is to bin the halo abundance in halo mass and compare it for different δ c . This, however, is inefficient since we can only measure the effect if the change in halo mass moves it across the mass bins. Instead, we adopt the abundance matching technique introduced in Ref. [52] to characterize the response bias. Specifically, for each set of δ c0 = ±0.01 SU simulation we first bootstrap resample the total 80 realizations and combine the halo catalogs sorted in mass. We then measure the discrete threshold mass shift by
where M ± i are the masses of the i th most massive halo in the δ c0 = ±0.01 SU sample and
1/2 . Next we use a smoothing spline function with two knots per dex in halo mass to estimate the continuous threshold mass shiftŝ(ln M ) as well as the cumulative halo mass functionn(ln M ) using all M i entry by entry.
*2
The derivative of the smooth cumulative mass function fit gives the differential mass functionn ln M = −dn/d ln M . The cumulative Lagrangian bias of halos with mass greater than threshold mass M , denoted with an overbar, can thus be estimated aŝ
Eq. (26) measures the Lagrangian bias since the SU simulations are performed with the same comoving instead of physical volume, and we obtain the cumulative Eulerian bias by transforming from Lagrangian to Eulerian coordinates:b
Finally, repeating the procedure with different resamplings for 8,000 times, we have an estimate of the error on the mean.
*2 We also estimate the cumulative halo mass function by separately estimating it in the δ c0 = ±0.01 SUs and then taking the average. The fractional difference of the Lagrangian bias is less then 0.02% for the mass and redshift range of interest, which is much smaller than the bootstrap uncertainty.
B. Scale dependence
The response bias as measured from the SU simulations shows a statistically significant scale dependence where the bias increases with k L and N ν in a manner nearly independent of halo mass. Fig. 6 shows the Lagrangian response bias measured from the 80 sets of neutrino SU simulations as a function of halo mass. The top and bottom panels show N ν = 14 and 28, whereas the left and right panels show z = 1 and 0. In each panel the top and bottom plots show the response biasb
L is indeed scale dependent. The scale dependence increases with N ν and does not evolve much between z = 1 and 0 or with mass, although the uncertainty increases at the high-mass end due to rarity of such objects. Note that the mild oscillations in the ratio for N ν = 14 at z = 0 are still statistically consistent with being independent of halo mass due to the correlations inherent in our estimation technique.
In order to quantify the scale dependence of bias further, we first isolate the scale dependence by taking the ratio with respect to the smallest wavenumber in the sim-
for various choices of M . The uncertainty in this ratio becomes large for high-mass halos, again due to their rarity, and for low-mass halos, likely due to the inability of mass ordering to identifying the "same" halos in the δ c0 = ±0.01 SU halo catalogs due to mergers and accretion. For these reasons we take M = 2 × 10 13 , 6.3 × 10 13 , and 2 × 10 14 M at z = 1, and the same for z = 0 with the addition of 6.3 × 10 14 M . Note that since we measure the cumulative bias,b L (M ) of different masses are correlated.
The colored symbols in Fig. 7 show the response bias step for N ν = 28 as a function of the long mode k L for halos with different masses. The uncertainty on the response bias is larger than that of the growth response, but a similar step-like feature is still evident. Note that the error bar is for the ratio with respect to k L↑ , so by definition the uncertainly is zero at k L↑ . This step feature is at most weakly dependent on mass, but the dependence can also be a consequence of the estimation technique, i.e. the mild oscillations of the ratio of the response bias shown in Fig. 6 .
We next examine the N ν dependence of the full amplitude of the step, as quantified by the bias ratio between the largest and smallest wavenumbers i.e. N ν ) , and the result is shown in Fig. 8 . The results are consistent with a linear dependence on N ν that is weakly dependent on mass. To guide the eye, we fit all the data points in Fig. 8 to a linear relation. Note that this is not strictly correct due to the correlation of the cumulative biases of halos with different mass cuts, but it suffices for a rough estimation. The cyan dotted line in Fig. 8 shows the fit from all the colored symbols, with the slope and intercept shown in the legend. Note that as in the power spectrum response, the intercept at N ν = 0 needs not vanish since the photons can also produce scale-dependent bias. We shall discuss the interpretation of these results next.
C. Bias models
The behavior of scale-dependent bias uncovered in the SU simulations above both illuminate the assumptions behind, and are illuminated by the predictions of, various bias models. Here we consider how three types of models commonly found in the literature can be extended to accommodate scale-dependent bias: spherical collapse, universal mass function, and scale-free linear bias with respect to multiple tracers. We call theseb
Scale-dependent spherical collapse bias is based on calculating the effect of δ c on the collapse of a spherical tophat overdensity in the SU and we implement it here by assuming that the collapse depends on the CDM alone. Specifically, the Lagrangian bias with respect to CDM is given bȳ
where δ crit is the linearly extrapolated density threshold for collapse and d ln n/dδ crit depends only on the halo mass. In the presence of massive neutrinos, the response of δ crit with respect to δ c becomes scale dependent [20, 73] , and the scale dependence of the halo bias is entirely characterized by dδ crit /dδ c . In App. D we outline in detail the setup for numerically evaluating dδ crit /dδ c . The resulting prediction for the step in the Lagrangian biasb
is shown as the black dashed line in Fig. 7 . Note that with no free parameters, the spherical collapse model captures the main trends of scale-dependent bias quite well. In particular this model predicts that the scale dependence of the bias is independent of halo mass and helps explain the weak dependence seen in the SU simulations. Another simple model of bias which we call the universal mass function bias,b L D , comes from assuming that the mass function is a universal functional of the power spectrum. In the SU picture, this should be the local power spectrum P W so that 
0.98 1.00 1.02 1.04 where the mass-dependent proportionality approximately holds regardless of whether P W is considered to be the linear or nonlinear power spectrum as shown in Sec. IV. Like the spherical collapse model, the step ofb
In this model, the scale dependence of bias is directly inherited from the scale dependence of the power spectrum response, which itself is a proxy for the response of small-scale structure responsible for halo formation. It therefore plays a role similar to δ crit in the spherical collapse model and indeed we find in Fig. 7 that the growth response (magenta dot-dashed line) and spherical collapse predictions are similar
and describe the SU simulations results equally well. The third type is based on the assumption that bias is temporally and spatially local, and hence scale free, but that halos can be biased with respect to multiple species of matter separately, in this case CDM and neutrinos δ h = b c δ c + b ν δ ν . Therefore, the Eulerian bias with respect to CDM, i.e.
where b c and b ν are bias parameters depending on halo mass, and the scale dependence is encoded in the neutrino and CDM+baryon transfer functions, which are computed using CLASS. To compare with the step of the Lagrangian bias, the transfer function bias can be written asb
whereb c = (b c −1)/b ν . Therefore, the step of the transfer function bias model has one fitting parameterb c which controls the amplitude of the scale dependence but crucially the shape cannot be adjusted. Theb T model with the best-fitb c is shown in Fig. 9 and is a poor fit to the simulations especially at z = 1. Note that despite having an adjustable amplitude parameter the best fit systematically undershoots the step results because of their strong constraint on the shape of the step. The large correlation in the data points means that the slope of the step is much better constrained than χ-by-eye would suggest.
To obtain a better visual representation of the problem, we take the the difference of the Lagrangian response bias step between neighboring points, i.e. 
We can see that the problem withb T is that the slope monotonically rises with k L whereas the data prefer a decline by the highest point for most masses and redshifts. This problem does not occur forb 
Comparison of the best-fit transfer function bias model (dashed lines; see the text for detailed description of the model) at z = 1 (left) and 0 (right) to the measured Lagrangian response bias step from neutrino separate universe simulations as in Fig. 6 . Note that the data points of a given mass are highly correlated in kL due to the same random realizations used in separate universe simulations which forbids the large change in slope that would be required to move the curves towards the central points. See Fig. 10 , which displays the same fitting result with less correlation by taking the difference of neighboring data points, for a better visual representation.
where i, j run over the five values of
is the mean of the measured Lagrangian response bias step, C −1 is the inverse covariance matrix of D, and M is the model ofb
Since we adopt the same Gaussian random realizations for setting up the initial conditions of SU simulations with different k L , D of different k L are highly correlated and so it is necessary to use the full covariance matrix to unbiasedly compute χ 2 . We estimate the covariance matrix by bootstrap resampling the identical realizations for all five k L and repeating the procedure 8,000 times. By definition the first data point of the Lagrangian response bias step has zero variance and no contribution to χ 2 (see Fig. 7 ), so we only consider the rest of the four k L . Forb T (k L ), there is one fitting parameter so the degrees of freedom
Tab. II summarizes the reduced χ 2 (χ 2 /d.o.f.) for the three bias models. We find that even with one additional fitting parameter,b T (k L ) is generally a very poor fit, especially for halos with high bias, i.e. at high redshift and with high mass. It only works well for halos with the lowest mass at z = 0. We can therefore rule out transfer function bias as a model for the scale-dependent bias of the SU simulations with high confidence. On the other hand,b
give reasonable values of reduced χ 2 except for halos with mass 2 × 10 13 M at z = 1. Note that the bootstrap construction of the covariance is a noisy estimate so even this case is not The transfer function model fails because it has a transition centered at higher k L than the data requires. The transfer function ratio represents the ratio of CDM and neutrino linear density fluctuations at the observed redshift. Since the free-streaming scale, above which the two are the same, decreases with time this model underestimates the effect of scale-dependent growth at earlier times. On the other hand, both the spherical collapse and universal mass function models automatically incorporate the whole past growth history of the long-wavelength mode. This distinction is even more dramatic at a 1 when the transfer functions coincide across the whole linear regime so thatb T predicts no scale-dependent bias. In the spherical collapse and universal mass function models, once the scale dependence is imprinted in the Lagrangian bias, it remains although in the Eulerian bias it can only be measured for sufficiently rare, high-mass halos where the Lagrangian bias is large compared to unity.
More generally, the failure of the transfer function model indicates that halo bias is temporally nonlocal [20, [73] [74] [75] [76] . It is not sufficient to know the properties of the long-wavelength perturbation at just the observation epoch. To make a precise prediction of the scaledependent bias, one needs to know the whole growth history of δ c (a).
VI. EFFECTS ON OBSERVABLES
Because of the scale-dependent responses, the smallscale observables are affected correspondingly. In this section we study how the linear halo power spectrum and squeezed-limit bispectrum are influenced.
Let us start with the linear halo power spectrum. In Sec. V, we have shown that the Lagrangian bias follows to good approximation the growth response d ln D W /dδ c as a function of k L which in turn takes the form of a step across the neutrino free-streaming scale of amplitudē To be conservative, when displaying results in this section we set A = 0.6 and B = 0 to focus on the neutrino induced bias effects, though we leave our expressions general. Also note that the scaling with f ν in Eq. (37) 
Step in bias between k L↑ = 0.0005 Mpc −1 and k L↓ = 0.05 Mpc −1 as a function of Eulerian biasb (evaluated at k L↑ ) for A = 0.6, B = 0, and fν = 0.011. The blue dashed and red solid lines show the Lagrangian and Eulerian bias, respectively. The green circle and black star correspond respectively tob = 2 (LRG/CMASS) and 3.5 (quasar).
The observed halo bias is in Eulerian space, so we convert the step amplitude in the Lagrangian bias to equivalent in the Eulerian bias
whereb is the Eulerian bias evaluated as k L↑ . Fig. 11 shows the Eulerian (red solid) and Lagrangian (blue dashed) bias step as a function ofb for A = 0.6, B = 0, and f ν = 0.011. Unlike the Lagrangian bias step, the Eulerian bias step shows a strong dependence on the value of the bias and hence halo mass. Forb = 1, the Lagrangian bias is zero, so the scale dependence vanishes; forb 1, the Eulerian bias step approaches to the Lagrangian bias step, meaning the impact of the scaledependent bias on the clustering of halos is most significant in high bias, high mass objects forb ≥ 1. The green circle and black star correspond to objects ofb = 2 (LRG/CMASS [77, 78] ) and 3.5 (quasar [79] ). While the net effect for f ν = 0.011 is quite small, we shall see next that it has a significant effect on the linear halo power spectrum relative to the also small step in the linear CDM power spectrum.
Since our bias is defined with respect to the underlying CDM(+baryon) field instead of total matter (including massive neutrinos), the linear halo power spectrum is given by P hh =b 2 P cc , where P cc (k) is the linear CDM power spectrum. Neutrinos suppress the growth of CDM perturbations and produce a downward step in its power spectrum with respect to the m ν = 0 model with the same total nonrelativistic matter. The amplitude of the full step is approximately ∆P cc /P cc ≈ −6f ν *3 , but as we have seen in Sec. V the step in the CDM transfer function is not fully complete by k L↓ where the step in bias is essentially complete. For an accurate comparison, we use CLASS to compute the linear power spectrum for N ν = 3 massless neutrinos with Ω c = 0.253, and find
Using Eq. (38) and linearizing in f ν , we find the suppression in linear halo power spectrum becomes
where
The decrease of the linear halo power spectrum suppression relative to CDM due to neutrino induced scaledependent bias is captured by R hh (b). Fig. 12 shows R hh (b) for A = 0.6. We find that for LRG/CMASS and quasars the decrease of linear halo power spectrum suppression is 13% and 18%, respectively. In the limit that b 1, the reduction is 26%. Of course the observed halo
The commonly quoted empirical relation −8fν [80] is for the total matter, i.e. ∆Pmm/Pmm. Since below the free-streaming scale Pmm ≈ (1 − 2fν )Pcc, we have ∆Pcc/Pcc ≈ −6fν .
and mass power spectra also involve nonlinear corrections with their own scale dependence. Nonetheless the scaledependent linear bias thus should be taken into account whenever neutrino growth suppression is considered in galaxy survey data for any f ν if the free-streaming scale is deep in the linear regime as it is for m ν = 0.05 eV. Let us now turn to the squeezed-limit bispectrum. Unlike the linear halo power spectrum, the halo bispectrum at the leading order contains the contribution from the nonlinear bias, which can be regarded as the response of the linear bias to δ c (e.g. Ref. [81] ). Accurate calibration of higher-order responses requires SU simulations with larger |δ c0 | [50, 53] . Lacking such simulations, we thus consider only one piece of the halo bispectrum and set
with B ccc being the CDM bispectrum. Furthermore, to highlight the effect from the scale-dependent growth response, we only show the result for the CDM squeezed-limit bispectrum, i.e.
where k and k L are the small-and large-scale modes,
is the CDM power spectrum in the presence of a single long-wavelength mode of Fourier amplitudeδ c and wavenumber k L . *4 As pointed out in Sec. IV A, the total power spectrum response R tot contains the contributions from the growth response R growth , that can be measured from the SU simulations, as well as dilation and reference-density effects. To the leading order, R dilation and Rρ are given by
which are independent of k L . Therefore, the step feature in the squeezed-limit bispectrum due to the scaledependent growth response is diluted by R dilation and Rρ. In Sec. IV B we have shown that the growth responses measured from the SU simulations of N ν = 14 and 28 are in excellent agreement with the analytic calculation. Thus, for f ν = 0.011 cosmology we assume R growth = 2(d ln D W /dδ c ), which depends only on k L . For R dilation , we use the spectral index of the CDM power spectrum, which depends on k. Fig. 13 shows the power spectrum response as a function of the long mode k L . The red solid, green dashed, and blue dot-dashed lines show the step of the total power spectrum response, equivalent to the reduced squeezed-limit bispectrum, with the short mode k = 0.2, 0.3, and 0.4 Mpc −1 , whereas the black dotted line shows the growth response alone. As expected, R dilation and Rρ dilute the dependence on k L , and compared to R growth the step size is reduced by 60%. Albeit *4 Here we distinguish between δc, the dimensionless real-space average value of the mode, andδc the dimensionful Fourier space amplitude of the mode for clarity. 
Step of CDM power spectrum response as a function of the long mode kL. The red solid, green dashed, and blue dot-dashed lines show the step of the total power spectrum response, equivalent to the reduced squeezed-limit bispectrum, with the short mode k = 0.2, 0.3, and 0.4 Mpc, whereas the black dotted line shows the growth response alone.
small, the scale dependence is a distinct feature due to massive neutrinos, hence can serve as an independent probe. On the other hand, we find that R tot depends only weakly on k. This is because for k 0.2 Mpc −1 the baryonic acoustic oscillation is less prominent, and so the spectral index is closer to a constant.
Our discussion focuses on the galaxy squeezed-limit bispectrum, but the derivation is similar for the galaxygalaxy-lensing bispectrum (see Ref. [57] for the crosscorrelation between Lyman-α power spectrum and lensing convergence), where the lensing convergence provides the long mode. Since lensing measures the total matter fluctuation along the line-of-sight, the bispectrum is schematically given by B
, where the CDM-CDM-matter squeezed-limit bispectrum is given by
Here we have assumed that since the perturbations are adiabatic, there is a one-to-one relation between the longwavelengthδ m andδ c given by the linear transfer functions so that
We find that the only difference between the B sq ccc and B sq ccm is the large-scale power spectra, i.e. P cc (k L ) versus P cm (k L ).
VII. DISCUSSION
Massive neutrinos provide an ideal arena to explore the scale dependence of the response of small-scale structure formation to the large-scale density environment. Due to their large thermal velocities, massive neutrino fluctuations track the CDM only on scales larger than the freestreaming scale with smaller-scale fluctuations washed out. As a result, the growth of CDM perturbations becomes scale dependent. The response of small-scale observables to these long-wavelength perturbations consequently becomes scale dependent as well. These effects can be captured in the separate universe (SU) technique by absorbing the long-wavelength perturbations into the local expansion.
Using the SU technique, we perform N -body simulations in overdense and underdense SUs with different wavelengths of the large-scale CDM density perturbations in a universe with massive neutrinos. By differencing pairs of overdense and underdense SU simulations with the same Gaussian realizations of initial phases, we measure how the power spectrum and halo mass function respond to large-scale CDM density perturbations of different wavelengths, which give rise to the squeezed-limit bispectrum and the halo bias, respectively. Due to the cancellation of the cosmic variance, the SU simulations yield a precise characterization of the scale dependence of these responses.
Specifically, for the cosmology with m ν = 0.05 eV but an artificially high number of neutrinos totaling a fraction f ν = 0.093 of the matter, we perform SU simulations for five long-wavelength perturbations (from k L↑ = 0.0005 Mpc −1 to k L↓ = 0.05 Mpc −1 ) spanning the free-streaming transition. Scale dependence in the responses for the power spectrum and Lagrangian bias are detected with high significance (see Fig. 4 and Fig. 7) . Interestingly, we find that the scale dependence in both cases can be described well with just the linear growth response, which can be calculated without simulations and with no free parameters. For Lagrangian bias, this result follows if the mass function is universal in the local power spectrum but is also equally consistent with the spherical collapse model. To further confirm this result, we also perform SU simulations with f ν = 0.049 for k L↑ and k L↓ (see Fig. 5 and Fig. 8 ) and show that they are consistent with the linear growth response as well, implying a scaling of the steps across the free streaming scale of ∼ 0.6f ν . This scaling allows us to extrapolate our results to a more realistic case of three massive neutrinos of 0.05 eV with f ν = 0.011.
There are two important implications of our results. First, the scale-dependent responses due to massive neutrinos produce new features in the halo power spectrum and squeezed-limit bispectrum, and the effects are shown in Figs. 12-13 with f ν = 0.011. For the linear halo power spectrum, we find that the scale-dependent bias reduces the difference between linear power spectra of massive and massless neutrinos by 13 and 26% for objects ofb = 2 andb 1, respectively independently of f ν . The larger the halo mass (hence the halo bias), the larger effect due to the scale-dependent bias. This effect must be taken into account for future surveys that use the halo power spectrum to constrain neutrino mass [82] . For the CDM-CDM-CDM reduced squeezed-limit bispectrum, we find that the step size is around 4% with a weak dependence on the small-scale mode k. The effect is small because the dilation and reference-density responses dilute the scale dependence from the growth response. Albeit small, the scale dependence is a distinct characteristic due to massive neutrinos can be used as an independent probe. Second, we find that halo bias is temporally nonlocal. For the same value of the CDM density fluctuations at two different wavenumbers, the bias differs due to the evolutionary histories of the modes. A local model of density bias, even one that allows for local bias with respect to the different density components cannot describe this effect. Specifically, we demonstrate in Figs. 9-10 that the transfer function biasb
where b c and b ν are the CDM and neutrino bias parameters and T c and T ν are the CDM+baryon and neutrinos transfer functions, is a poor fit to the scale-dependent bias measured from our SU simulations for any b c and b ν . Therefore, the standard Lagrangian picture that the halo statistics at any time are determined entirely by the linear density field at a single epoch is falsified in this case where the free-streaming or Jeans scale is deeply in the linear regime.
Our SU simulations assume a fixed and low value of the individual neutrino masses m ν = 0.05 eV and should not be naively extrapolated to higher values. Since the SU ignores small-scale neutrino clustering, the free-streaming scale must be much larger than the scale of the observables. For m ν = 0.05 eV we argue in App. C that neutrino clustering can be neglected for k 0.05 Mpc −1 . Furthermore, since we approximate the long-wavelength mode as spatially constant, it must also be much larger than the region that encompasses the small-scale observables. Specifically for halo bias, corrections will enter at O(k 2 L R 2 M ) with R M being the Lagrangian radius of halo with mass M and for the power spectrum response
2 ) with k L and k being the wavenumbers of the large-and small-scale modes respectively.
With too small a free-streaming scale, these limitations would make it impossible to track responses across the free-streaming scale with the SU technique. Even for m ν = 0.05 eV, we expect there to be some correction to our results from the clustering of slow neutrinos in the tail of the neutrino distribution function (see discussion in Ref. [83] ) and the scale dependence of power spectra from nonlinearity. In App. E we compare our prediction to one of the best suites of N -body simulations with massive neutrino particles, and find that it is equally consistent with the neutrino particle simulations as the scale-independent linear bias. As discussed in more detail there, to distinguish our novel scale dependence it is necessary to run neutrino particle simulations of a few Gpc, to see the full scale dependence at large scales, and with high enough f ν or a large enough number of simulations to robustly constrain the O(f ν ) corrections discussed here. Note that f ν should be increased while keeping m ν ∼ 0.05 eV so that the free-streaming scale and nonlinear clustering of neutrinos are not qualitatively changed. We leave the detailed comparison between our SU results with other techniques of simulating massive neutrinos for future work.
ACKNOWLEDGMENTS
We would like to thank Yu Feng, Neal Dalal, Emanuele Castorina, Masahiro Takada, Fabian Schmidt, and Shun Saito for useful discussion. We would further like to thank Francisco Villaescusa-Navarro for providing the simulation data in Ref. [84] . Results in this paper were obtained using the high-performance computing system at the Institute for Advanced Computational Science at Stony Brook University and with the computation and storage resources provided by the University of Chicago Research Computing Center. CC and ML are supported by grant NSF PHY-1620628 and DOE DE-SC0017848. WH is supported by NASA ATP NNX15AK22G, DOE DE-FG02-13ER41958, the Simons Foundation, and the Kavli Institute for Cosmological Physics at the University of Chicago through grant NSF PHY-1125897 and an endowment from the Kavli Foundation and its founder Fred Kavli.
Appendix A: Robustness to initial conditions
In this appendix we test the choice of initial and horizon-entry scale factors, a i and a H , for solving the differential equation of the small-scale growth, i.e. Eqs. (8)- (9) . We shall particularly focus on the growth response at a ≥ 0.02, as it corresponds to the quantity observable and time of interest.
Following the discussion in Sec. II B, we have the constraint a eq a i a H . Let us start by fixing a i = 10
and varying a H = 10 −12 , 10 −10 , and 10 −8 . Fig. 14 shows the fractional difference of the growth response of various a H to that with a H = 10 −10 , for fixed a i = 10 −6 and two limiting k L . We find that for all cases the differences are less than 0.05%, and the agreement is better for a approaching to unity. This demonstrates that the difference due to a H can be safely neglected and justifies our choice of a H = 10 −10 in the main text. We next fix a H = 10 −10 , and compute the growth response with a i = 10 −4 , 10 −6 , and 10 −8 . Note that unlike the a H dependence, which corresponds to a true dependence on the short-wavelength k that cannot be captured in our SU implementation, this tests a purely computational error from assuming a i a eq in the derivation. Fig. 15 shows the fractional difference of the growth response of various a i to that with a i = 10 −6 , for fixed [%] N ν =28, m ν =0.05 eV, f ν =0.093 a H = 10 −10 and two limiting k L . We first find that the agreement is good between a i = 10 −6 and 10 −8 , indicating the convergence for even earlier a i . Between a i = 10 −6 and 10 −4 , the differences at a = 0.02 (initial redshift of the SU simulations) are apparent. This justifies our choice of a i = 10 −6 used in the main text.
10 -2 10 -1 k [Mpc 16 . Ratio of the typical amplitude of (linear) neutrino perturbations to total matter perturbations. This quantifies the error (in units of fν ) induced on the density field on scale k from assuming that neutrinos are completely smooth in our simulations. This plot uses Nν = 28 neutrinos (fν = 0.093) but we find that the results are only weakly dependent on the number of neutrinos.
smooth within the simulations box. For our choice of box size L = 700 Mpc, neutrinos are clustered at late times on the largest scales so our simulations are missing some neutrino perturbations on the largest scales. These scales are in the linear regime so we can straightforwardly estimate the scale at which neutrino perturbations are important from their fractional contribution to the total gravitational potential as a function of k using the linear power spectrum
This quantity is plotted in Fig. 16 . We can see that so long as we restrict our attention to k 0.05 Mpc
the error due to neglecting neutrino clustering should be 0.1f ν . Note that the "missing" neutrino perturbations are absent in each of the SU simulations (δ c0 = ±0.01, 0 for each k L ) so the absolute error on the response quantities determined from differences between simulations should be even smaller. In this paper we only report the power spectrum response with k ≥ 0.05 Mpc −1 . We have seen that the error from neglecting the largescale linear theory neutrino perturbations should be small (O(0.1f ν )). On smaller scales where the CDM perturbations have become nonlinear, however, one could worry that the gravitational potentials are strong enough to cause significant clustering of slow-moving neutrinos.
In Fig. 17 , we show the mean velocity distribution of neutrinos at several epochs in comparison with the escape velocities of dark matter halos. We define the escape ve- White dark matter halo [87] and R s is the scale radius of the halo. At the latest times, a significant fraction of neutrinos can indeed become bound, or at least significantly deflected, by nonlinear structure. On the other hand, the relative contribution of these neutrinos to the total gravitational potential remains small since the CDM perturbations on the same scale are large. For instance, for halos with virial masses M = 10 13 , 10 14 , and 10 15 M , the local overdensity of neutrino mass for each mass state is approximately 10 8 , 3 × 10 9 , and 10 11 M respectively [88] . Hence, even for our simulations with N ν = 28, the fractional correction to the gravitational potential, and therefore the evolution the CDM particles is ∼ 0.003f ν , 0.01f ν , and 0.03f ν for the halo masses M = 10 13 , 10 14 , and 10 15 M . This estimate is consistent with Ref. [73] , which found that the effects of neutrino clustering around CDM halos was negligible in spherical collapse calculations so long as the individual neutrino mass m ν 0.2 eV. We thus consider it a safe assumption to ignore the effect of neutrino clustering on halo response bias.
Large-scale averaging
In the SU approximation we take the wavelength of the large-scale density perturbation to be sufficiently larger than the scale of interest for small-scale observables that its spatially varying amplitude can be replaced by its locally averaged value. In other words we conflate δ c with δ cW where
and W R is some spherically symmetric window with support on |x 0 − x| R which is normalized to integrate to unity. In Fourier spacẽ
and for wavelengths that are long compared to R
At a fixed k = k L , the SU approximation is limited to observables that are sensitive to only a region R 1/k L . For the halo mass function a rough indication of the region of influence is the Lagrangian radius of the halo R M . For the power spectrum the typical scale is R ∼ 1/k. We thus conclude that averaging errors on the response bias scale as O(k 2 ). Note that these scalings apply to both neutrino and ΛCDM separate universe simulations but for the former we take k L k fs in order to measure the scale dependence of the responses.
Appendix D: Spherical collapse bias
We follow the method of Ref. [20] to make spherical collapse calculations of the Lagrangian response bias. A region of size R containing a constant mass M of CDM will evolve according tö
[ρ x (t) + δρ x + 3P x (t) + 3δP x ] R , where˙≡ d/dt, ρ x and P x are the energy density and pressure of any non-CDM components of the universe and δρ x , and δP x are long-wavelength perturbations in the energy density and pressure of x. Using M = 4 3 πR 3 ρ c (1+δ), and factoring out a long-wavelength CDM perturbation from δ allows this equation to be rewritten in terms of the fluctuation from the local mean δ S , defined via (1 + δ) = [1 + δ c (a)](1 + δ S ) as
where a W = a[1 − δ c (a)/3], as before. This equation is equivalent to Eq. (D1) and can be viewed as a nonlinear generalization of Eq. (7) (for spherical density perturbations). Eq. (D2) is identical to the usual nonlinear equation for a spherical density perturbation and the solutions are independent of M . For given initial conditions δ Si = δ S (a W i ) and [d ln δ S /d ln a W ] (a W i ), it can be solved to determine a coll,W , the SU scale factor at which δ S → ∞.
Following our calculations for D W and App. A, we start at a i = 10 −6 with initial velocity
We iteratively solve Eq. (D2) to determine the initial density perturbation δ Si that will "collapse" at global scale factor a coll for each δ c (a, k L ). Our criteria for collapse is that d ln δ S /d ln a W = 100. The linearly extrapolated threshold for collapse is given by δ crit ≡ [D(a coll )/D(a i )] δ Si , where the initial value of δ Si that produces collapse at a coll is a function of the longwavelength mode δ c (a). From this we compute
and define the Lagrangian bias with respect to CDM as
Appendix E: Comparison of scale-dependent bias with neutrino particle simulations
In this appendix we compare the scale-dependent bias model based on the response of the halo mass function in SU simulations to the clustering bias measured from N -body simulations with massive neutrino particles in Ref. [84] . This simulation suite is one of the largest to date and contains 100 realizations of 1 h −1 Gpc boxes. The cosmological parameters are h = 0.6711, Ω b = 0.049, and Ω c = 0.2649, with three massive neutrinos of 0.05 eV, corresponding to f ν = 0.011. The halos are identified with the Friends-of-Friends algorithm [89] , and to be conservative we only consider halos with more than 100 dark matter particles, corresponding to a minimum halo mass of 9.673×10 13 M . The clustering bias is measured with respect to CDM, i.e.q(k) = P ch (k)/P cc (k). We use a Fourier bin of 0.002 h Mpc −1 so that the data point are dense enough while we still have enough realizations to estimate the covariance matrix.
We fit the mean of the measured clustering bias to two linear bias models. The first one is that the linear bias is scale independent, hence the total bias is given bȳ
where the k 2 term absorbs the loop corrections in the large-scale limit [90] . We also explore the inclusion of additionalb k 4 k 4 but find no significant difference, so we present the simpler model. The second one is our predicted scale dependence, and the model is given bȳ
where we set
To compute f (k) we use the same cosmology as in Ref. [84] . Note that this model is identical tob L D defined in Eq. (31) with an additionalb k 2 accounting for the nonlinear correction. Both models contain two free parameters, and we find the parameters by minimizing
where C(q) is the covariance ofq estimated from 100 realizations. We set k max = 0.05 h Mpc −1 , and confirm that the conclusion is insensitive to the choice of fitting range. Fig. 18 shows the results at z = 1 (left) and 0 (right). The data point show the mean of the measurement from 100 realizations with the error on the mean, and the red solid and blue dashed lines show the two models correspondingly. There are 35 data points with two fitting parameters, so the number of degrees of freedom (d.o.f.) is 33. The χ 2 values from fitting the mean of the clustering bias to the models are shown in the legend. First we find that the reduced χ 2 is close to unity, indicating that the models describe simulations results well. More importantly, we find that the χ 2 values between the two models are close, implying that the simulations do not have enough statistical power to distinguish one from another. Namely, both scale-independent and scaledependent linear bias models are equally consistent with the simulations.
There are two main reasons that the simulations cannot distinguish the two models. First, the scale dependence we predict is on large scale, and even the fundamental mode of the simulation box of 1 h −1 Gpc cannot probe the full effect. This can clearly be seen in Fig. 18 : at k 0.01 Mpc −1 the two models are almost identical. Note that the large-scale difference between the two bias models will approach to a constant because the response becomes scale independent when k k fs . Therefore, to probe this effect we need simulations with box size of a few Gpc. Second, people usually increase f ν by increasing the neutrino mass instead of number. For larger neutrino mass, the free-streaming length approach to nonlinear scale, so it is challenging to separate the scale-dependent linear bias and nonlinear bias. Moreover, the neutrino clustering becomes important for larger neutrino mass, hence the approximation breaks down and our prediction is invalid. Therefore, an ideal set of simulations to detect this effect is to have a few Gpc box size and 0.05 eV of massive neutrinos mass with f ν = 5 − 10%. This study is beyond the scope of this paper and is work in progress. 
